
I n d i c e s  

a is  the nozzle cut; 
0 is  the s tagnat ion p a r a m e t e r s  o ther  l e t t e r  indices denote c h a r a c t e r i s t i c  points of the jet.  

The l inea r  d imens ions  a r e  no rmal i zed  to the nozzle radius  at  the exit .  
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WAVE STRUCTURE OF A SUPERSONIC JET 

INTO AN OPPOSING SUPERSONIC STREAM 
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A s imi l a r i t y  p a r a m e t e r  is  sugges ted  fo r  the longitudinal d imens ions  of the wave s t ruc tu re  of a 
superson ic  underexpanded j e t  d i scharg ing  into an opposing supersonic  s t r e a m ,  and e m p i r i c a l  
equations a r e  obtained fo r  the calculat ion of these d imens ions .  

A number  of r epo r t s  devoted to the expe r imen ta l  invest igat ion of the d i scharge  of a superson ic  je t  into an 
opposing superson ic  s t r e a m  a re  p re sen t ly  known [1-6]. These  invest igat ions made it poss ib le  to es tab l i sh  the 
ex is tence  of two types of a x i s y m m e t r i c  in terac t ion  of a je t  with an opposing s t r e a m .  If the underexpanded je t  
is r e t a rded  within the l imi t s  of the f i r s t  b a r r e l  then an in te r face  1 concave to the je t  (departing to infinity) 
and a disconnected bow shock wave 2 (type I flow) develop in the s t r e a m .  Ahead of the su r f ace ,  which is an 
i m p e r m e a b l e  b a r r i e r  to the je t ,  a middle compres s ion  about 3 f o r m s  in the l a t t e r  (Fig. 1). Nea r  the bow s u r -  
face of the body a c i rculat ion zone,  closed or  open depending on P = P0a/PT~ and D = dm/d a develops  with a 
p r e s s u r e  Pc di f ferent  f rom poo [2l. In flow of type II (penetrat ion mode) ,  obse rved  with n ~ 1, the r e t a rda t ion  
of the j e t  occu r s  f a r  ahead of the body, in i ts  main section.  The in terac t ion  of the je t  and the s t r e a m  has a 
nonsteady c h a r a c t e r .  These  types of flow a re  a lso  obse rved  in a r a r e f i ed  s t r e a m  [5, 6]. 

The wave s t r u c t u r e  fo rmed  in type I flow is analyzed below. A un iversa l  p a r a m e t e r  of geomet r i ca l  s i m i -  
l a r i ty  of the longitudinal d imensions  of the developing wave s t ruc tu re  is suggested on the bas is  of the r e su l t s  
of [1-4] and the expe r imen ta l  data of the authors .  The p r e sence  of an infinite concave in te r face  makes  type I 
flow qual i ta t ively  s i m i l a r  to the wel l - s tudied  flow when an underexpanded je t  e scap ing  into a flooded space  with 
a p r e s s u r e  pf ac t s  on an infinite plane b a r r i e r .  I t  is known [7] that in the case  of the in te rac t ion  with a b a r r i e r  
the introduction of the p a r a m e t e r  N = Ma~'~ makes  it poss ib le ,  by using the dis tance h to the b a r r i e r  as the 
c h a r a c t e r i s t i c  d imens ion ,  to obtain an empi r i ca l  dependence connecting the standoff of the middle  shock 
fo rmed  in the j e t  ahead of the b a r r i e r  with its location and with the d i scharge  p a r a m e t e r s .  On the bas is  of 
the indicated qual i ta t ive analogy of the p r o c e s s e s ,  we apply the complex N to the analys is  of expe r imen ta l  data 
on the locat ion of the shock waves  and the in ter face  in the d i scharge  of a je t  into an opposing s t r e a m .  The 
range  of the p a r a m e t e r s  under  considera t ion is given in Table  1. The dis tance Xm to the middle shock is used 
as  the c h a r a c t e r i s t i c  geome t r i ca l  d imension in the invest igated flow. This  dis tance is calculated f r o m  the 
condition of equali ty of the s tagnat ion p r e s s u r e s  on the sides of the je t  and the s t r e a m  at  the common cr i t i ca l  
point R (Fig. 1). When the dis t r ibut ion of Mach numbers  M along the axis of the f r ee  j e t  is known this condi-  
tion leads to the following equations for  the de te rmina t ion  of Xm: 

_ _ ~  l 

/ 2 k - - l l  h-1 { 2k M 2 k - -  ~ I Mm=M(xm).  (1) 
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TABLE 1. Range  of E x p e r i m e n t a l  I nves t i ga t i ons  

No, Moo -~a k o n~ Body 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

11 
12 
13 

14 
15 
I6 
17 
18 
19 
20 
21 
22 

23 

24 
25 
26 
27 
28 
29 

?, 

2 

3, 

4 

2, 
3. 
2, 
1,~ 

5,0 
4,85 

4,0 

1,0 

1,0 

1,0 
1,0 
2,0 
3,0 
1.0 
2,0 
3,0 

[,4 

1,4 

,4 

,67 ;4 
,096 

1,4 

1,2 
1,6 
2,0 
2,4 
1,82 
2,18 
5,0 
6,0 
0,0 
2,0 
7,6 
16,3 
33,3 
3,33 
8,0 
5,0 
3,33 

<( 

8,0 
3,33 

1,2 

�9 ,428 

2,8--6,3 
4,04 

3,52--6,34 
6,38--6,78 
3,4--4.27 

4,27 
1090; 1796 
476--3000 

1120--1290 
1410 

2--23,5 
3,18--12,4 
6,3--9,5 
55; 142 
55; 110 

137 
ll8 

53; 132 
40; 132 

12l 
24; 89,5 
22, 1--55 

260 
5,66--49,8 
t ,36--t8,7 
1,35--4,8 

24--90 
5,55--27 
2,7--7.0 
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Fig.  1. Qua l i t a t i ve  flow p a t t e r n  
in  the i n t e r a c t i o n  of an  u n d e r e x -  
panded  j e t  with an oppos ing  s u p e r -  
son ic  s t r e a m .  

Here  the p r e s s u r e  psoo is  d e t e r m i n e d  f r o m  the Ray le igh  equa t ion  with known poo, M~o, and koo. The d e -  
pendence  M(x) for  j e t s  with d i f f e ren t  p a r a m e t e r s  is  g iven in [8], fo r  example .  

The va lues  of Xm, as wel l  as the q u a n t i t i e s  x i and Xb m e a s u r e d  f r o m  pho tographs ,  w e r e  n o r m a l i z e d  to 
the c o r r e s p o n d i n g  va lues  of N ca lcu la t ed  both with an e x p r e s s i o n  r a t io  noo = pa/poo and at an expans ion  ra t io  
nc  = Pa/Pc. The quan t i ty  nc was  d e t e r m i n e d  f r o m  the m e a s u r e d  p r e s s u r e  Pc n e a r  the exi t  c r o s s  s ec t ion  of the 
nozz le  u n d e r  the a s s u m p t i o n  that  the flow in the c i r c u l a t i o n  zone f o r m e d  ahead of the body is i s o b a r i c .  
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Fig. 2. Dependence of location of bow shockwave  (a) and in te r -  
face (b) on pa rame te r s  in the jet and the opposing s t ream:  a) N = 
N~o; b) N = Nc; I) f rom Eq. (2); II) (3); III) (6). 

There  are  such data in [2] in addition to the experiments  of the authors of the art icle.  

The experimental  resul ts  on the position of the bow shock wave in the s t ream,  treated in the fo rm xb/N~o = 
f (xm/N~ ,  are  presented in Fig. 2a. For  xm/N~o < 0.3 all the points are  grouped near a single dependence, 
while for xm/N~ > 0.3 one observes  separat ion of the experimental  resul ts  into layers  with respect  to D. Such 
modes correspond to large values of D or ,  conversely ,  to small  P. The resul ts  of [2] show that in this case 
the p ressu re  Pc in the circulation zone differs f rom p~o, and at the same t ime, the wave s t ruc ture  of the jet is 
evidently determined by the p res su re  Pc. Trea tment  of the experimental  data on the location of the interface 
in the form xi/N~o = f(xm/N~) gives resul ts  qualitatively identical to those given in Fig. 2a :At  xmANoo > 0.3 the 
data of [2] corresponding to large D fall out of the general group. 

The introduction of the p res su re  Pc into the complex N allows one to liquidate the separat ion of the ex-  
per imental  resul ts  into layers  with respec t  to D. This is seen,  for example,  in Fig. 2b, where test  data char -  
acter iz ing the location of the interface between the jet  and the s t r eam,  treated in the fo rm xiAX~c = f(xmAqc) , 
N c = MaV~c, are  presented.  

By analogy with [7], to r ep resen t  the experimental  resul ts  in the form of empir ica l  equations we chose 
the functional dependence 

xm?= 0.745--Aexp ---B 
N 

l -~ { xb 
Xi" 

The coefficients of this dependence were  calculated f rom the experimental  data (Table 1) by the l eas t -  
squares  method. In the t reatment  of the resul ts  using the complex Noo, the experimental  data of [2] for  D = 
16.3 and 33.3 were not taken into the calculation. The empir ica l  equations obtained, solved for x b and xi, have 
the following fo rm:  

a) xm/Noo < 0.3; N = Noo 

xb/N = 0 , 8 5 7 G - - 0 . 1 9 7 ;  ~ : 0,035; (2) 

x i / N  = 0.621 6--0.143; a = 0.049; (3) 

b) xm/Noo > 0.3; N = N c 

Xb/N = 1.03G--0.292; ~ = 0.025; (4) 

x i / N  = 0,773 G- -  0.206; a = 0,026, (5) 
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where G = - l n  (0.745 - Xm/N); the value of Xm is calculated f rom (1); a is the standard deviation of the points 
f rom the corresponding approximating dependence. 

Equations (2)-(5) are  valid in the following range of pa r ame te r s :  M~o = 1.83-7.1; M a = 1-5.3; k = 1.097, 
1.4, 1.67; D = 1.2-33.3. We note that the pa r ame te r s  of the oncoming s t r eam,  which are  taken into account 
through psoo in the calculation of Xm, do not enter  explicitly into these equations. 

As shown in [2], the p r e s s u r e  in the circulat ion zone depends on the form of the front  surface of the body 
f rom which the jet  d i scharges ,  the pa r ame te r s  at the nozzle cut and in the oncoming s t r eam,  and the value of 
D. The analysis  made of the experimental  resul ts  indicates that with an increase  in P or a decrease  in D the 
charac te r i s t i c  dimensions of the wave s t ructure  cease to depend on the concrete dimensions and shape of the 
body. This evidently indicates that Pc approaches p~ with an increase  in P (a decrease  in D). 

In Fig. 2b curve III charac te r i zes  the dependence of the location of the middle shock in a jet d ischarging 
onto an infinite plane ba r r i e r  on the pa rame te r s  of the interact ion [7]: 

Xm/N = 0.745 - -  0.832 exp (-- 1.73 h/N); n ----- Pa/Po (6) 

A compar ison of Eqs. (3), (5), and (6) shows that at small  values of the argument  the calculations by them lead 
to ve ry  close resu l t s ;  with an increase  in xm/N a calculation by Eq. (5) gives resul ts  h igher  than those f rom (3) 
and (6), although the la t ter  remain  close to each other.  This indicates the influence of the curvature of the 
b a r r i e r  on the location of the middle shock: In the case of strongly concave b a r r i e r s  the central  shock is located 
c lose r  to the nozzle than that ahead of b a r r i e r s  approaching fiat ones. 

Thus,  the choice of the distance to the middle shock as the charac te r i s t i c  dimension and of the p r e s s u r e  
Pc in the circulat ion zone as the charac te r i s t i c  p r e s su re  allows one to use the complex N as the se l f - s imi la r i ty  
pa rame te r  for the longitudinal dimensions of the wave s t ructure  of a jet  discharging into an opposing s t ream.  
As is known, this complex is the se l f - s imi la r i ty  pa ramete r  for  f ree  supersonic jets in the gasdynamic [8, 9], 
t ransi t ional ,  and main sections [10], as well as for jets interacting with infinite plane b a r r i e r s  [7] and for 
opposing coaxial underexpanded jets [11]. All this, in conjunction with the resul ts  presented above, allows 
one to consider the complex N as the universal  p a r a m e t e r  of se l f - s imi la r i ty  for the longitudinal dimensions 
of a supersonic  underexpanded jet. 

In conclusion, the authors express  their  appreciat ion to M. I. Vozlinskii for  making possible a detailed 
acquaintance with the experimental  resul ts  which he obtained. 

M 

P 
k 
n 

d 
h 

Xm, xi, Xb 

N O T A T I O N  

is the Mach number;  
is the p r e s s u r e ;  
is the adiabatic index of gas jet;  
is the expansion rat io of discharge of jet;  
is the d iameter ;  
is the distance f rom nozzle to an infinite plane ba r r i e r  perpendicular  to the jet  axis; 
a re  the dis tances f rom nozzle to middle shock of je t ,  interface,  and bow shock wave,  r e s p e c -  
tively. 

I n d i c e s  

a 

m 

O 

S 

C 

is the pa r ame te r s  of nozzle cut; 
is the middle of body; 
is the oncoming s t ream;  
is the isentropical ly  stagnated s t ream;  
is the stagnation behind the d i rec t  shock; 
is the circulat ion zone. 

The l inear dimensions a re  normal ized to the nozzle diameter .  
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G E N E R A L I Z A T I O N  O F  T H E  C L A S S I C A L  R A Y L E I G H  

E Q U A T I O N  T O  S E V E R A L  N O N - N E W T O N I A N  L I Q U I D S  

V.  S. N o v i k o v  UDC 532.528:532.529.6 

Equations a re  der ived that descr ibe  the change in the radius of a spher ica l  gas inclusion in the 
Bingham, El l is ,  R e i n e r - R i v l i n ,  Shul 'man, K a p u r -  Gupta, and Oswald de Vielle non-N ewtonian 
l iquids,  as well as in a power- law liquid. 

The Rayleigh equation for  highly viscous  liquids with a finite re laxat ion t ime of e las t ic  s t ra ins  was ob- 
tained in [1]. In the p re sen t  paper  this equation is extended to non-Newtonian l iquids,  for  which the rheologi-  
cal equations of state known to the p resen t  author a re  being extended. 

In a spher ica l  coordinate sys tem the equation of motion,  including s t ra in  and the continuity equation, a re  

[ Ov~ Ov~ ~ =  OP O'rrr 2 
P ~--g[-- +~'~ ---o7-/ - - o 7 - + - - 0 7  + --~ ~ '  O) 

1 d ~ (r~Vr) = O, (2) 
r 2 dr 

if the bubble center  is cons idered  to be test ing in the liquid. Integrat ing (2) with r e spec t  to r f rom the bubble 
radius R to infinity,  we obtain the radial  veloci ty  of motion of the liquid v r = t{ (R/r) 2, expres sed  in t e rms  of 
the dr i f t  veloci ty  of the surface  i~. Here  and e l sewhere ,  the dot over  R denotes different iat ion with r e spec t  
to t ime. Substituting Vr into Eq. (1) and integrat ing At with r e spec t  to r in the l imits  R - ~o, we obtain 

3 
p(RR +_~_ [~2) = pR __ p| + ,rrr[~= __,%~[,=R_}_ 2 ~ ~rL dr, j r (3) 

R 

where  PR and P0o are  the p r e s s u r e s  in the liquid an the bubble surface  and at infinity, and p is the liquid den-  
sity. As P~ one can take the externa l  s ta t ic  p r e s s u r e  in the liquid. The re la t ion between PR and the stat ic 
p r e s s u r e  in the bubble P0 is es tabl ished by the Thomson re la t ion 

p R = p  ~ 2~s 4 ( av r v r )  [ 
R 3 ~t~ Or r Ir=R' (4) 

where  a is the surface  tension of the l i qu id .  As ~0 for  non-Newtonian l iquids,  one can take the slope of the 
s t r eam curve for  smal l  shear  s t r e s s e s  (see [2]). The re la t ion between the components of the s t ra in  tensor  
Tij and the components of the veloci ty  deformat ion tensor  ~ij; i .e . ,  the rheological  equation of s ta te ,  depends 
on the type of specif ic  non-Newtonian liquid. 
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